A GEOMETRIC PROOF OF THE CLASSIFICATION OF 
COMPLEX VECTOR CROSS PRODUCT 
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, Abstract. In this article, we give a geometric proof of the classification of 

■ complex vector cross product in Lee-Leung [T]. 
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CJ . The following definition is a point-wise version of the definition of complex 

^ I vector cross product on complex Hermitian manifolds in Lee-Leung [1]. 

^ I Definition 0.1. Let V be complex vector space of dimension n with a Hermitian 

Q ■ metric and r be an integer between 1 and n — 1. A (r + l)-form G A^^^V* is 



> 
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called a complex r-fold vector cross product on V if 

(0.1) |keiAe2A-Ae>||^ = 1 



^ . for any r unit vectors Ci, 62, ■ ' ' > e^. that are orthogonal to each other. 

in 

, 

l/-^ . Ill H) Lee-Leung proved the following result, 
p 

^ . Theorem 0.1. On a complex vector space V of dimension n, there is a r-fold 
00 ' 

^ I complex vector cross product if and only if 



(1) r = 1 and n is an even number, or 

(2) r = n — 1 and n is an arbitrary natural number. 

In this article, we give a geometric proof of this theorem by using Pliiker 
embedding and dimension counting of projective sub-varieties. 

Proof. The "if part is clear (Ref. Lee-Leung [T]). We only prove the "only if 
part. 

Let G /X'^^^V* be a r-fold complex vector product. Then, it induces a complex 
linear map / : A'V — > V* by sending Ui /\ u-2 /\ • • ■ /\ u^. to iuiAu2A---Aur'P- 
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By the identity (10.11) . we know that for any Ui,U2,-'' that are hnearly 
independent, 

ui A U2 A ■ ■ ■ A Ur ^ ker /. 

By projectification and Pliiker embedding, all the r-vectors that can be separated 
as the form UiAu2A- ■ -AUr forms the Grassmannian manifold Gr{r, V) C ¥{A'^V). 
The discussion above implies that that 

Gr(r, nP(ker/) = 0. 

Hence (Ref. Shafarevich [2]) 

dim Gr(r, V) + dimP(ker /) < dimP(A'V). 

That is, 

(0.2) dimGr{r,V) + dim ker / < dim(A'^y). 

Note that, by dimension theorem in linear algebra, we have 

(0.3) dimker / > dim A'^y — n. 

Combining equation ( 10.20 and ( 10. 3p . we have 

r{n — r) = dim G'r(r, V) < n. 

Therefore r = l or r = n — 1. 

When r = 1, / : y ^ y* is an isometry satisfying that 

{fiu),u) = (j)iu,u) = 0. 

Let ei, 62, ■ ■ ■ , e„ be an orthonormal basis of V and ui,U2, — - be its dual 
basis. Then, under this two basis, the matrix ^4 of / is skew symmetric and 
nonsingular. Hence, n is an even number. 

□ 
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